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ABSTRACT

We show that if X is a Banach space and if there is a non-zero real-valued
C>*-smooth function on X with bounded support, then either X contains an
isomorphic copy of ¢y(N), or there is an integer k greater than or equal to 1
such that X is of exact cotype 2k and, in this case, X contains an isomorphic
copy of I*(N). We also show that if X is a Banach space such that there is on X
a non-zero real-valued C*-smooth function with bounded support and if X is
of cotype ¢ for ¢ <4, then X is isomorphic to a Hilbert space.

1. Introduction

Throughout this paper, a bump function on a Banach space X is a non-zero
real-valued function on X with bounded support. We shall say that X is
C*-smooth if there exists a C*-smooth bump function on X, and the set of such
functions will be denoted C*(X). A norm on X is said (shortly) to be C*-smooth
if it is C*-smooth away from the origin. If there exists on X an equivalent
C*-smooth norm, then C*(X) is not empty, the converse being open.

We are concerned with the geometrical implications of the existence of a C*-
smooth bump function on X where k is an integer greater than or equal to 2 or
k=4 oo.

Let us first recall some definitions and results.

¢o (or c(N)) denotes the Banach space of all sequences (x,) of real numbers
satisfying lim, . , x, = 0. We shall need the following result due to Bessaga and
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Pelczynski [1]: A Banach space does not contain a subspace isomorphic to ¢, if
and only if for every sequence (x;) in X such that (2], &x;) is bounded for
every choice of signs, then (2., ¢ x;) is convergent for every choice of signs,
and the set K=U2, K, is relatively compact in X, where K, =
(Zr. ex;:g=1or —1fori=1,...,n}.

Let usdenote &, = { — 1, + 1}", Xissaid to be of cotype ¢ €[2, + ] if and
only if there is a constant C such that, for all finite subsets (x,, . . ., x,) of X,

n 1/ n
< Y X ||") q§ canry ¥ | Y ex if ¢ is finite,
i=1 eEY, i=1
sup || x| =C(U12") T || X &x ifg =+ .
15iZn eES, i=1

Analogously, we say that X is of type p if there is a constant C such that, for all
finite subsets (x,, ..., x,) of X,

n

Y &x;

i=]

127 X

eES,

< C(él X ",,)""_

In the definitions above, one can replace, using Kahane inequalities,
(1/2") Zpee, | Zr-1 &X; || by ((1/27) Zeeg, || 271 &x; |2 Every Banach
space X is of type 1 and of cotype 0. If X is of type p then X is of type p’ < p,
and if X is of cotype ¢ then X is of cotype ¢’ > q. We shall need the following
characterization of Hilbert spaces due to Kwapien [12]: a Banach space X is
isomorphic to a Hilbert space if and only if it is of type 2 and of cotype 2. We
say that X is of exact type p if X is of type p and X is not of type p’ for p’ > p,
and X is of exact cotype ¢ if X is of cotype ¢ and X is not of cotype ¢’ for ¢’ <gq.
Let us mention that /?(N) is of exact type inf( p, 2) and of exact cotype
sup(p, 2) for 1 = p < + oo and that ¢,(N) has only type 1 and cotype + oo and
no more. We refer the reader to [8] and [17] for further details on these
notions.

We now recall some basic facts about the existence of smooth bump
functions on Banach spaces. First it is elementary to check that, for every
measured space (Q,A4,u) and every even integer p =2, the norm in
LP(Q, A, 1) is C*-smooth. Kuiper (see [19]) showed that there is on ¢, an
equivalent C®-smooth norm. In fact there is on ¢, an equivalent norm analytic
away from the origin [8]. On the other hand, Kurzweil [11] showed that:

(1) €[0, 1], the space of continuous real functions on [0, 1], is not
C'-smooth.
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(2) I7(N) is not C*-smooth whenever p is not an even integer.

Leach and Whitfield [13] generalized (1) by showing that if the norm of X is
rough, equivalently, if the dual unit ball B(X*) does not admit slices deter-
mined by elements of X of arbitrarily small diameter, then Xis not C'-smooth.
Actually, if X is C!-smooth, then X is an Asplund space (see [3]) the converse
being true if X is separable and open in general. Thus, at least for separable
spaces, C'-smooth spaces are characterized. Further investigations on
C'-smooth spaces can be found in [21] and a thorough exposition will appear
in a forthcoming book of G. Godefroy and V. E. Zizler {9].

On the other hand, the geometry of Banach spaces on which there exists a
bump function with higher properties of smoothness is far from being eluci-
dated, although some significant progress has already been made in this
direction. We have seen that ¢, is C*-smooth. Suppose now that X is a Banach
space containing no isomorphic copy of ¢,. If one can find on X a C'-smooth
bump function f such that f’ is locally uniformly continuous, then X is
superreflexive [6], [7]. If one can find on X a C'-smooth bump function fwith
locally Lipschitzian derivative (this is the case if X is C%-smooth), then X is
superreflexive and of type 2 [7]. The relationships between the existence of a
C%-smooth bump function on X and the geometry of X has been further
investigated in [5], [15], [16] and [18).

Let us outline the content of this paper. One of the tools that we shall use is
the Taylor formula: for f€ C**!(X), x €EX and h € X, we have

Six + h)— fx)
= f(x)h) + 117 (x)h, B) + - -+ + (UEY) fOx)h, ..., h)+ Ri(x, h)

= Py(x)}(h) + Ri(x, h)

with | Re(x, h)| = C(x)- || h |+

In order to estimate P,(x)(h), we are led to study the k-linear functionals.
This is done in Section 2.

We then prove in Section 3 the following abstract version of the result (2) of
Kurzweil: if X is a C*-smooth Banach space and if X D¢, then X is of exact
cotype p for some even integer p = 2. We shall also obtain in this section that a
C*-smooth Banach space of cotype g < 4 is necessarily isomorphic to a Hilbert
space.

In Section 4, we show that if there exists on X a C?-smooth bump function f
(p integer, p = 2) and if every subspace of X contains a subspace of cotype p,
then X is of cotype p. As a consequence we get a result of B. M. Markharov
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[14]): if there exists on X a C*-smooth bump function fand if every (infinite
dimensional) subspace of X contains an infinite dimensional subspace isomor-
phic to a Hilbert space, then X is isomorphic to a Hilbert space. Actually, our
argument is a generalisation and a simplification of Makharov’s proof.

We then apply in Section 5 the result of Section 4 to show that if X is of exact
cotype p (p integer, p = 2) and if X is C?-smooth, then there is an infinite
dimensional subspace Y of X and a p-linear (symetric) continuous form ®on Y
such that, forevery yEY, ®(y,y,...,y)= | ¥ |°. Finally, using a diagona-
lizing argument, we exhibit a subspace Z of Y which is isomorphic to /?(N). As
a consequence of our previous results, we get that if X is a C*-smooth Banach
space, then either X contains an isomorphic copy of ¢,(N) or there is an even
integer p = 2 such that X contains an isomorphic copy of /?(N), thus answer-
ing a question of V. E. Zizler.

Some of the techniques used here have been introduced by Kurzweil in [11]
and developed in [2], [5], [7], [15], [16], and [18].

2. k-Linear forms on a Banach space

Throughout this section, X denotes an infinite dimensional Banach space.
Let k be an integer greater than 1, and Q be a k-linear continuous form on X.
We recall that

HO =sup{1QCxi, Xp .. s x| S L. x|l S1}<+

and we shall write shortly Q(x) in place of Q(x, ..., x) for x €EX, when no
confusion is possible. Let k,, . . ., k,, be integers greater than 1 and let Q; be a
k-linear continuous functional on X, for 1 i < m. Our aim in this section is
to find conditions on X such that for any ¢ > 0, there exists an x€ X, x # 0,
such that, for 1l =i=m,

1Q)| Se | x ||k
We first observe that the situation is simple whenever all the k; are odd:

LEMMA 2.1. Let R; be a k;-linear continuous form on X with k; odd
integers for 1 =i = m. Then, for every (m + 1)-dimensional subspace H of X,
Joreveryd >0, thereexistsx€H, || x | =9, satisfying, foralli€{1, ..., m},
Ri(x)=0.

ProoF. Let H be an (m + 1)-dimensional subspace of X and ¢ >0 be
fixed. Denote by R the application from the sphere of H centered at 0 of radius
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dinto R™ given by R(x) = (R,(x), Ry(x), . . ., R,,(x)). R is continuous and odd.
According to the Borzuk-Ulam antipodal theorem (see e.g. [4] Cor. 4.2), there
isan x€H, || x || =d, such that R(x) =0.

We now study the case with k; even numbers. In the following two lemmas,
we use the approach of [18] Lemma 1.4:

LEMMA 2.2. Let k beaninteger,k = 2, Q be a k-linear continuous form on
X,and x,, x,, . . . , X, be elements of X. Then there is a constant C depending on
k such that
k
2

=Cfel

3 o)

n
Y &x;
i=1

.....

n
Y ex;

i=1

Y &x;

=]

= ((1/2")§:

2) 172

where the summation over ¢ is taken over all choice of signs ¢ = (g;)!_,.

n
, Y &x;
2 LQ.A4,n) i=1

probability space (Q,4,u) (therefore u({x€Q:ei(x)=1})=1} and

H{xEQ:ei(x)=—1})=1).
We have

f: Q(xi’xia cee 7xi)

i=1

=fﬂ i Q(xi’xi"-"eilxi, 2 8jlxj)dﬂ

i=1 j=1

n n n
=fn 2 Q(xiy-xis---’aizxi, P 8123,'1-’51, 2 ejlxj) du

i=l j=1 =t

j=1 j=1 j=1 J

n n n n
_ k-1 k—=1pk—2 1,2 1
_an( z & Xj, 2 & & Xjy..., 2 & & X;, ij,-)dﬂ,
=1

therefore
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5 o)

i=1

siel [

using Jensen’s inequality and the independence of the &/’s we obtain

n

2 &x
j=1

n

k—1pk—2
Y &g,
j=1

n

k—1 .

2 & X dﬂa
j=1

5 00x)

i=1

n
2 &%
j=1

n

k—1pgk—2
2 & e
j=1

=jhel

k k

4 k
-1

g7

j=1 k

so, using Kahane’s inequalities, there is a constant C depending on p such that

n k

Y &x;
7%

j=1 2

3 o =ciel

LEMMA 2.3. Let Q; be a k;-linear continuous form on X with k; = 2 for
1 =i =m, and let e > 0. We assume that for every x€X, || x| =1,

e =sup{|Qi(x)|:1=j=m}.
Then X is of cotype k, where k = sup{k;: 1 =i =m}.

PrOOF. Let x;, x, ..., X, be elements of X. Since |2, &x; .= || % ||
for every i€{1,.. ., n}, replacing x; by Ax; we may assume that, for every
i€{l,...,n}, |x|| =1and || 2/, &x; ||.= 1. We then have

o( £ un1)=2 (% 10m))

i=1 jml \j=

<mmax ¥ |Qj(xf)'

i=1

=m i |Qjo(xi)|

i=1

for some j,E(1, ..., m}. Without loss of generality, we may assume j, = 1.
Let

I*={i€{l,...,n}:Qi(x)>0} and I~ ={i€(l,...,n}: Qx)=0}.

We can assume further that
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T o= ¥ Qx)

iert i€l”
Under this condition, we obtain
n
o( £ 1n 1) s2m 3 o)
i=1 iert

=E2m || Qi Y &X;

iert

n
=2m| Qi | 2 &x
i1

=2m | Q] | X &x;

Therefore X is of cotype k.

ProrosiTION 2.4. Let Q; be a k;-linear continuous formon X with1 = k; =
k for 1 =i =m, and assume X is not of cotype k.
Then, for every € > 0 there is an infinite dimensional subspace Y of X such
that
VXEY Vi€(l,...,n} Q)| =Z¢]|x]|".

Proor. If some of the Q;’s are 1-linear, say Q,, Q,, .. ., Q,, replacing X
by M/, Ker Q;, which is a finite codimensional subspace of X and therefore is
not of cotype k, it is enough to consider only the Q;’s which are k;-linear with
k; = 2. Therefore we may assume that k; =2 for 1 =i = m.

It is enough to construct an increasing sequence of subspaces Y, of X such
that dim Y, = n, and a sequence of real numbers (g,), 0 <&, <é, satisfying

H,: forevery x€Y,, | x| =1, and forevery i€{1,...,m}, |Q;(x)| =
£—&,.

According to Lemma 2.3, H, is satisfied with ¢, = &/2. Let us assume that H,
1s satisfied and let us construct Y, , such that:

Foreveryx€Y, .y, | x| =1,andforeveryi€{l,...,m}, |Qi(x)| =¢—
&,/2, and this will prove the lemma.

Let 6, > 0 be specified later, A, be a J,-net of the unit ball of Y, and Z,be a
finite codimensional subspace of X satisfying, for every x €Y, and for every
z€Z,,

) Ixi=2)x+z].
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Now, applying Lemma 2.3 to the space Z, which is not of cotype k, we can
choose z,E€Z,, |z, | =1, such that for every i€(l,..., m}, for every
JE{L,...,k;} and for every yEA,,

() QI (¥)z)| =6,

where we have written Q,(y + 2)=Q;(y) + Q' (¥)(2) + - - - + QX(¥)z) with
Qi(y) j-linear continuous form on X (note that @%(y)(z) = Q,(2)).

Let us consider Y,,, the subspace spanned by Y, and z,. Y,,, is a
(n + 1)-dimensional subspace of X and we claim that H, , is satisfied if d, is
small enough. Indeed, let t €Y, ., such that || || =1. We have t =x + Az,
with x €Y,. It follows from (1) that || x || =2 and |A| = 3. Let us choose
yEA,such that | x —y | =24,. We have then, forevery i€{1, ..., m},

G 10 +1z) = Q(y +42,)| = || & | «(d,)  with lim a(J,) =0

and, on the other hand,

1Q:(y +2z,)| = 1@+ 10/ (¥)Az,)| + - -+ + | QF(y)Az,)|

“) <(e—¢&)+30,+ -+ 3%,.

It follows from (3) and (4) that, forevery i €{1,...,m}, |Q:(x + Az,)| S e —
g,/2 whenever J, is chosen small enough (the choice of d, depends only on g,
and on the || Q, || ’s).

We shall also need the following slightly stronger version of Proposition 2.4:

PROPOSITION 2.5. Let Q;bea k-linear continuous formon Xfor1 =i = m,
and let Q; be a k;-linear continuous form on X with 1 =k; <k —1 for
m+1=i=m.

Assume that:

(1) X is not of cotype k — 1,

(2) for every i€{1, ..., my}, for every ¢ >0 and for every infinite dimen-
sional subspace Y of X, thereisan x €Y, x # 0, such that | Q,(x)| Z¢ || x ||*.

Then, for every ¢ > 0, there is an infinite dimensional subspace Y of X such
that, for every i€{1,..., m} and every x €Y,

Q)| =e |l x|

ProofF. We fix ¢ > 0 and we proceed by induction on the number m, of
k-linear continuous forms Q; on X. By Proposition 2.4, Proposition 2.5 is
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satisfied if m,=0. Assume now that Proposition 2.5 is true for my—1;
therefore, under the hypothesis of Proposition 2.5, we can find an infinite
dimensional subspace Y of X such that, for every i €{1, ..., m}, i # m,, and
every x€Y, |Qi(x)| =¢ || x || We can then construct an infinite dimen-
sional subspace Z of Y (using (2) for i = m,) in the same way as in the proof of
Proposition 2.4 such that, for every x€Z, |Q,(x)| =¢ || x ||*, and this
proves Proposition 2.5.

We now give a consequence of Lemma 2.1 and of Proposition 2.4. For this
purpose, we need to introduce the following definition:

DEFINITION. An application P from X into R is called a polynomial if we
can write, for every x € X,

P(x)=P(x)+Pyx, x)+ -+ + P(x,x,...,x),

where P, is a j-linear continuous form on X for 1 =j = k. kis called the degree
of P.

PROPOSITION 2.6. Let P,,..., P, be polynomials of degree less than or
equal to k on a Banach space X, and assume that X is not of cotype k if k is even
and that X is not of cotypek — 1 ifkisodd. Let e >0 and 0 < a < 1. Then there
exists x€X, || x || = a, such that for every i€{1,...,m}.

|P(x)| <& and |P(—x)| <e.

Proor. We split the P,’s into multilinear continuous forms that we call Q;,
1 =j =jpand R;, 1 =i = j,, with the degree of the Q;’s even and the degree of
the R;’s odd. Quantities ¢, a and the P’s being fixed we can find, by
Proposition 2.4, an infinite dimensional subspace H of X satisfying, for every
xE€H, || x| =a,andevery jE{1l,...,J,},

(5) 1Q,(x)| <elk.

Since dim H Z j, + 1, using Lemma 2.1, there exists x€H, || x | =a, such
that forall jE({1, ..., i},

(6) R;i(x)=0.
We deduce from (5) and (6) the existence of x € X satisfying
Vie(l,...,m} |Pi(x)| <e and |P(—x)| <e

which proves the proposition.
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3. Cotype of C*-smooth Banach spaces
In this section, we prove the following result:

THEOREM 3.1. Assume that X is a C*-smooth Banach space which does not
contain an isomorphic copy of c,. Then there exists an integer k = 1 such that X
is of exact cotype 2k.

For the proof of Theorem 3.1, we need one more elementary lemma:

LEMMA 3.2. Let K be a compact of X, fEC**Y(X), k = 1 and ¢ > 0. Then
there exists C >0 and 6 >0 such that, for every x €K and for every h€X,
Al <9,

| fix + k)= fix) = Plx)) || SC A+

Proor. Since fEC**Y(X), in particular fEC*(X) and f® is locally
Lipschitz on X. Therefore, there exists 6 > 0 and M > 0 such that, for every
xEKandevery h€X, || h| <9,

I /O +h)— fOx) | =M || kY.
Now, using Taylor’s formula, if x€EKand hEX, || h || <J,
| flx + k) — flx) = Pu(x)(R)|
= | [} 1+ dh3hy = i) (0 = 04— e

(UYL A F sup || f®(x + th) — fO(x) |

0,1}
S (MUK || A<+

REMARK. Let a satisfy a <6 and a**'~? <¢/C, for some g such that
k <g <k + 1. We have then, for xEKand hEX, || h || =a,

|Re(x, h)| = | fix + k) — fix)— P(x)h)| =e | h]|°.

ProoOF oF THEOREM 3.1. Let X be a Banach space not containing a sub-
space isomorphic to ¢;, and let f be a C*-smooth bump function on X such
that f(0)=1 and f{x) =0 if || x | = 1. According to Fabian et al. [7], X has
type 2 and so [15] X has also a finite cotype. Therefore

C(X)=inf{g €ER: X has cotype ¢} < + 0.

Denote k = [C(X)] the greatest integer less than or equal to C(X)and p = 2p’
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the greatest even integer less than or equal to C(X). Assume that X is not of
cotype p, and choose g €R satisfying

C(X)<q <[CX)]+ 1.

Since X is of cotype g, there exists a constant C such that

VREN Vx,Xp..,%E€X 3 [xl‘sC )

=1

n

Y &x
i=1
Fix ¢ such that 0 <e <(C + 1)~ By induction, we construct vectors x, EX
satisfying
(1) X =0,

) K,,_,={Zs,»x,-:s,-=i1,i=1,...,n},

=]

(3 H,={h€EX:VxEK,_:P(x)h)=3""and P (x)(—h)=3""}.

Using Proposition 2.6, for every a€(0, 1), H, N {hEX: || h | =a} is not
empty.

E,={h€H,:||h| =1and, foreveryxEK,_,:|R(x,h)| e | h||?and
4
@ R —m=e a9,

According to Lemma 3.2 and the remark followingit, E, N {hEX: || h || = a}
is not empty whenever a is small enough.

(5) X, €E,, | . | Z4sup{ [k |: hEE,).
Once this induction is completed, we set K = U, cn K.

First case. K is not bounded
There exists an integer n such that:

sup{ || x | : x€EK,-1} =1 and sup{|x]:x€K,}>1.

Without loss of generality, we can assume that || ., x; | > 1, and we obtain

(3o

/(59-1(5

n

=X

i==]
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=X (elx)+3™
1

éa(E: I ||«+1)+5§e(C+1)+5,

therefore this case is not possible.

Second case. K is bounded

Since X does not contain a subspace isomorphic to ¢,, K is relatively compact
andlim,_, || x, || = 0[1]. Using Lemma 3.2 and the remark following it, there
exists 6 €(0, 1) such that, for every xEK and every hEX, || h | =7,

| Re(x, h)| S e[| ||

Therefore, since K, C K,if h€EH,and | h || =9, then hEE,.

Since for every a€(0,1), H,N{hEX:| h || =a} is not empty, by (5),
| x, | > 0/2 for every n EN, which contradicts the fact that lim, ., | x, || =
0 and that ¢ is independent of n.

A closer look at the proof of Theorem 3.1 shows us that we have actually
proved more. Let us first introduce the following definition which appears in
[18]:

DEFINITION. Let ¢ > 1 and denote & the greatest integer strictly less than 4.
Let f be a real-valued function on X. We say that f is H%smooth if f is
C*-smooth and if for every x € X there exists §, M >Osuch that ||y —x || <
dand |z — x || <dimplies | f*(y)— f*¥(z)| =M ||y — z ||*"*. Note that if
is C*¥*1-smooth, then fis H%smooth.

Modifying in an obvious way Lemma 3.2, one can show, using the same

~ proof as the proof of Theorem 3.1:

THEOREM 3.1 bis. Suppose that X is a Banach space of cotype ¢ < + o0 and
that X is not of cotype k, where k is the greatest even integer less than or equal to
q. Then there does not exist on X an H?-smooth bump function for ¢’ > q.

In particular, using the fact due to Kwapien [12] that a Banach space of type
2 and cotype 2 is isomorphic to a Hilbert space, we get the following
improvement of a result of [5] (Theorem 1(b)):

COROLLARY 3.3. Assume that X is a Banach space of cotype q with q < 4
and that there is on X a C*-smooth (or merely H”-smooth for q’ > q) bump
Junction. Then X is isomorphic to a Hilbert space.
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Of course, applying Theorem 3.1 to L” spaces, we have

CoroLLARY 3.4 (Kurzweil-Bonic-Frampton). Let (Q, A, u) be a mea-
sured space such that LP(Q, A, u) (denoted shortly L?) is infinite dimensional.
Suppose that p = 1 and that p is not an even integer. Then there does not exist
on L? a C®-smooth (or merely H” -smooth for p’ > p) bump function.

Proor. Indeed,ifp <2, L?is of type pbut not of type 2, and, if p = 2, L?is
of cotype p but not of cotype ¢ for ¢ < p (see for instance [20]).

We conclude by giving an application on k-linear continuous forms on X,
or, more generally, on polynomials on X:

CoOROLLARY 3.5. Assume that X is a Banach space of finite cotype but is not
of exact cotype p with p an even integer. Then, for every polynomial Q on X
(whatever is its degree) and for every e > 0, there exists x EX, | x | = 1, such
that |Q(x)| <e.

ProoOF. Indeed, otherwise there would exist a polynomial Qon Xand ¢ >0
such that for every x EX, || x | = 1, we have Q(x) = ¢. Let fbe a C*-smooth
real function on R such that f(0)=1 and f(¢)=0 if |¢| = ¢. The function
@: X —R defined by

px)=fQ(x) if|x]| =1
p(x)=0 if [x]>1

is a C°-smooth bump function on X, which contradicts the hypothesis.

4. Cotype and subspaces of C”-smooth Banach spaces

THEOREM 4.1. Let X be a Banach space and p be an integer. Suppose that
there is on X a C?-smooth bump function ¢ and that every subspace Y of X (Y
infinite dimensional) contains an infinite dimensional subspace of cotype p.
Then X is of cotype p.

PrROOF. Let us assume that the hypotheses of Theorem 4.1 hold and that X
is not of cotype p. We shall find a contradiction in the same way as in [15]. Let
@ be a CP’-smooth bump function on X satisfying ¢(0) =1 and ¢(x) =0 if

Ixl z1.

By induction, we construct a sequence (x,) of elements of X, finite dimen-
sional subspaces X, of X, finite subsets 4, of X and finite subsets B, of X*
satisfying:
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M) xEX, | x| =1,
and, forn = 2,

2 4, ={E ax)21Za,a,...,a,_,=2")},

(3) X, =span{x;:i <n},

(4) B,is a finite subset of X* such that the restrictions of the elements of B,
to X, form a 2 ~"-net of B(X¥),

(5) [ x, I =1 and y(x,) =0 for every y EB,,

(6) for every x EA,, for every ¢ < p and for every finite sequence 1 =< n, <
M=o =n=n, 9X)Xny Xns-..,%,)Se(n, p) where &(n,p)
satisfies, for every n €N,

p-p! X &(s,, p) = 1/3".
RENIEINI - BHp<to

This construction is a straightforward application of Proposition 2.4 at each
step.

Once this construction is completed, set F = U, ey X, and 4 = U, e 4,,. (F
is the norm closed subspace spanned by the x,’s and the norm closure of 4
contains the ball of Y centered at 0 of radius } since, according to conditions
(3), (4) and (5), (x,) is a basis of F with basis constant 2.) Since F is an infinite
dimensional subspace of X, by hypothesis, we can find an infinite dimensional
subspace Z of F of cotype p: there is a constant C > 0 such that, for every
n €N and every finite sequence (¥,, 5, . . . , y,) of elements of Z,

» 3 pnirsc

n 14
DAY
i=1 2
In fact, replacing Z by a subspace of Z and using a standard perturba-
tion argument, we can assume that Z =span{y: kK €N}, where (1) is a
block basis of (x,) such that u, €A for every kEN. Finally, let us fix
0<e<(C+17'2

We now construct by induction a sequence (y,) of elements of 4 in the
following way: we choose y, = 0. If we have constructed y,, ¥, . . . , YVo—1, then
we set

(7) k,=inflk = n:y,EA4, for every p <n},

(8) Z, =span{u;: k = k,},

9) E,={y€ANZ,:|y]| =4and for every choice of signs (&),

|R,(ZI5 &xi, ey) =€ ||y |17},
(10) e, =sup{ || ¥ || : yEE,} >0,
(11) choose y, EE, such that ||y, | = &,/2.
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Once the y,’s are constructed, let Y, = (Z]_, g;y;: 6 €E{—1,+ 1}"}and Y =
U,en Y, C Z. We claim that

(») Pp(filgi%) (yw)| =1/3"
and
n—1
(%) Pp< b s,-y,-)(—y,,) =1/3".
=]

Indeed, set x = 2/ ¢y, and y, = Zh, ayu, = M, b.x,. Note that k, = n
and, since (x,) is a basic sequence with basis constant <2, we have,
for s=1,...,m, |b| =2y, || £1. Therefore, for g&{1,2,..., p}, we
have

p@(x)(yn)| = % bb,- + + by, 00X )Xg, Xy . -, Xs,)

Kn S 51,852,559 = My

= X 109000 X e - X))

Fon 551,52, 8¢ = M

=q! Y |00 xs Xy - - 5 X))

k.§s.;z,...,s,.<=m,

=p! Y &(s, D)

NEHEHS - S5,<+ 0
<1/(p-3")

and this proves (*%) and (*#x*),
It follows from (**), (***) and (9) that

n—1 n—1
f( z 8iyz‘+yn)_f( ) 6;‘)’:')‘ Sel||y. I?P+1/3"
! i=1

i=

and

n—1 n—1
If( X s,-y,-—y,.>—f< P 8,~y.~)| =e|y. ||+ 1/3%
j=]

im=]
two cases are possible.

First case. Y is not bounded

Repeating word by word the argument of the case “K is not bounded” in the
proof of Theorem 2.1, we see that the hypothesis “Y is not bounded”
contradicts the choice of ¢ (here the inequality (*) is used).

Second case. Y is bounded
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Since X is hereditarily cotype p, X does not contain a subspace isomorphic
10 ¢,, therefore, by a result of Bessaga and Pelczynski [1], Y is relatively
compact and lim, ., . || ¥, || = 0. Therefore, if we set

E={y€4:{y]l =1andforeveryz€Y,
|IR(z,y)| =e ||y |” and |R(z,—y)I ey},

by Lemma 3.2, E contains all the points of 4 of norm = ¢ for some ¢ >0, and
this implies by (2), (9), (10) and (11) that liminf, ., || ¥, || =d/2, whichisa
contradiction. Therefore, X is of cotype p and the theorem is proved.

We recall that if (X,) is a sequence of (finite or infinite dimensional) Banach
spaces, then

+
(Dx,), = {(x,,) :X,EX,and 3 || X, [|IP <+ oo}
n=1
is a Banach space equipped with the norm || (x,) | = (Z;}5 || . [|?)"?. Let us
denote C,>0 the cotype p constant of X,. The following result is an
immediate consequence of Theorem 4.1:

COROLLARY 4.2. Assume that there exists on ( D X,), a CP-smooth bump
Sfunction, where p is an even integer = 2. Then lim sup, ., C, < + .

In particular, if an infinite number of the X,’s are not of cotype p, then
( &3] X,), is not C?-smooth.

For instance, it follows from Theorem 3.1 and Corollary 4.2 that if
1=p<q<+o0,then( @ 19(N)), is never C*-smooth.
The following corollary is the main result of [15]:

COROLLARY 4.3. Assume that X is a C*-smooth Banach space such that
every infinite dimensional subspace of X contains an infinite dimensional
subspace of cotype 2, then X is isomorphic to a Hilbert space.

In particular, if X is a C*smooth Banach space such that every infinite
dimensional subspace of X contains an infinite dimensional Hilbert space, then
X is isomorphic to a Hilbert space.

Proor. The assumptions of Corollary 4.3 imply, by Theorem 4.1, that X is
of cotype 2. On the other hand, according to Fabian et al. [7], a C*-smooth
Banach space which does not contain an isomorphic copy of ¢, is of type 2.
Therefore, X being of type 2 and of cotype 2 is isomorphic to a Hilbert space
by.a result of Kwapien [12].
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COROLLARY 4.4. Let q <4 and assume that X is a hereditarily cotype q
Banach space (i.e. every infinite dimensional subspace Y of X contains an
infinite dimensional subspace H of cotype q) and that X is C*-smooth. Then X is
isomorphic to a Hilbert space.

Proor. Corollary 4.4 follows from Corollary 3.3 and Corollary 4.3.

5. Subspaces of C?-smooth Banach spaces

In what follows, let p be an even integer, p = 2, and assume that X is a
C*-smooth Banach space of exact cotype p. Our goal is to show that X contains
an isomorphic copy of /?(N). Our first step is the following;

PrROPOSITION 5.1. Let p be an even integer, p = 2, and X be a C?-smooth
Banach space of exact cotype p. Then there is an infinite dimensional subspace
Z of X and a p-linear continuous symmetric form ® on X such that, for every
XEZ, (x,x,...,x)Z || x ||°. Moreover, none of the infinite dimensional
subspaces of Z is of cotype p — 1.

ProoF. We shall use the same argument as in the proof of Theorem 3.1.
Replacing X by a suitable infinite dimensional subspace of X, we can assume,
by Theorem 4.1, that none of the infinite dimensional subspaces of X is
of cotype p — 1. In order to get a contradiction, assume that, for every p-
linear continuous symmetric form ® on X, for every ¢ >0 and for every
infinite dimensional subspace Z of X, there exists x€Z, x # 0, such that
Dx,x,...,x)<efx]*.

By induction, we construct a sequence (x,) of elements of X and infinite
dimensional subspaces Z, of X in the following way:

Choose xo,=0and Z,=X. If xo, X3, .. ., Xp_1, Zoy Zy, . . ., Z,_, have been
constructed, choose, by Proposition 2.5, an infinite dimensional subspace
Z, C Z,_, such that for every choice of signs (¢g,)"-}!, for every ¢ < p and every
XE€EZ,,

q,(q)("il gixi) (x,x, ... ,x)‘ =1/(p-3").

i=1

Therefore, we get

=1/3".

P, <"§_]1 s,~x,~> (x)

i=1

Let
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E, = Jlx €Z,: | x || =1 and for every choice of signs (¢;)"-,,

1

e
R,,( Y &x, enxn>
i=1

sl i}

and
a,=sup{ || x || : xEE,}.

Choose x, EE, such that || x, | = «,/2. Once the x,’s are constructed, set

K,,={f_‘,a,-x,-:(s,)E{—l,.+l}"} and K= U K,.

i=] nEN

The contradiction is then obtained in the same way as in the proof of Theorem
3.1, distinguishing the cases K bounded and K unbounded.

THEOREM 5.2. Let X be a CP-smooth Banach space of exact cotype p (p
even integer = 2). Then X contains an isomorphic copy of I?(N).

REMARK. According to Proposition 5.2 and Lemma 2.1, if p is an
odd integer (p =2) and if X is of exact cotype p, then X cannot be C*-
smooth. Therefore, the hypothesis of Theorem 5.2 never holds for p an odd
integer, p = 2.

COROLLARY 5.3. Let X be a C*-smooth Banach space. Then, at least one
of the following statements is satisfied:

(1) X contains an isomorphic copy of c(N).

(2) There is an even integer p = 2 such that X contains an isomorphic copy
of 1P(N).

ProOF OF COROLLARY 5.3. Let X be a C*-smooth Banach space. If X does
not contain an isomorphic copy of ¢,(N), then, by Theorem 3.1, there exists p
an even integer, p = 2, such that X is of exact cotype p. The corollary follows
then from Theorem 5.2.

ProoF oF THEOREM 5.2. Under the hypothesis of Theorem 5.2, we can
apply Proposition 5.1. There is an infinite dimensional subspace Z of X and a
p-linear continuous symmetric form ® on X such that, for every x€Z,
D(x,x,...,x)Z || x ||’. Moreover, none of the infinite dimensional sub-
spaces of Z is of cotype p — 1.

Let (x,) be a basic sequence of norm 1 elements of Z. We notice that
Proposition 2.4 has the following consequence: suppose that for 1 =i =m, y;
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is a k;-linear continuous symmetric form with k; = p — 1. Then there is a
block basic sequence (3, ) of (x,) satisfying || y; || =1 and

WiV Vis - - - s k) =6, forevery kEN and everyi€{1,2,...,m}

where (J,) is a sequence of real numbers decreasing to 0 and satisfying

) d, = p/(2- pY).

12h2hs - Sk<+wo
kirk,

This remark aMows us to construct a block basic sequence (y;) of
(x,), ¥l =1, such that for every sequence of integers 1=k =
k= =k, <+

OV, Vigs - V)21 ifki=ky=--- =k,
¢(yk1> Yk,, ceey ykp) é 6](, OtherWise.
Let (e,) be the unit vector basis of /?(N) and define

F. [P(N)— X,
+ o +
Y e = Y @i
k=1 k=1

We claim that F is an isomorphism from /?(N) into X. To show this, it is
enough to find two constants 4, B > 0 such that, for every y €/7(N) with finite
support,

ANy o= N FD)Ix =B |y e

Let us denote, for xEZ, p(x) =D(x,x,...,x) and C =sup{|¢(x)|:xEZ,
| x| =1}. Lety =Z}_, are,. We have F(y)=Z}., a;y; and

o(F(y)

n
=¢( ) am)
k=1
n
14
z Y ap— ) Kk, ka, - . ., k) agay,- - @, (Vi Vi + -+ Vi)
k=1 15hs--Sksn
k|+k'
u 4
z ¥ a;—p! P | Q@ + - ay, | O,
k=1 1Sks- - Sksn
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p 4 ) 4
= 2 a —p'/p 2 (akl +ak, + .. +ak,)5k,
k=1 1=k Sksn
ey

>3 af —(ki ai’)(p!/p T &)

Isk=..-Sk=n
k|¢kp

Therefore

Ity liro = kE ay S20(F(y)) =2C | F(y) ||*.
-]

This yields the left-hand-side inequality. On the other hand, a similar com-
putation gives

1FO)|” SoFON (€ +Y) (2 a:) ~C+HIyl,

=1
and this proves Theorem 5.2.

REMARKS. (1) It is known that cy(N) and /?(N), for p an even integer, have
equivalent norms which are C*-smooth away from the origin and therefore
these spaces admit a C®-smooth bump function. Corollary 5.3 states that,
conversely, a Banach space admitting a C*-smooth bump function contains a
subspace isomorphic to one of these elementary examples (c,(N) and /?(N) for
P an even integer).

(2) It is an easy exercise to show that the Banach space

X=(NBI'N)D - - - BI*N)D - - -)q

of sequences (x;, Xy ..., Xp, .. Y)ELPN) X IHN)X «« - X [*(N)X - -+ such
that limy ., ,, || X, [l;#ovy = O endowed with the norm

G Xz ey Xy - )| =iuP 0 X Nl
21

is a C*-smooth Banach space (the proof is a refinement of the proof that
¢o(N) is C*-smooth appearing in [19]) and X contains all the elementary
examples of C*-smooth Banach spaces, i.e. ¢y(N) and /?(N) for every p an even
integer = 2.

(3) The results of this paper show that there are very few Banach spaces
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admitting a C*-smooth bump function. Another result in the same direction
was obtained recently in [14], where it is shown that the only Orlicz sequence
spaces admitting a C°-smooth bump function are the spaces /?(N) where p is
an even integer = 2.

(4) In view of remark (3), one can ask if the only Banach spaces admitting a
C>-smooth bump function are the subspaces of the spaces L?(Q) where p is an
even integer = 2. This is not the case since one can easily check, just looking at
the formula of the norm, that the Banach space (@© /4(N)); of all sequences of
scalars (a,;) such that || (a,) || = Ci3 () 5(a,0)%))"® is C*-smooth (the
8th power of the norm is an analytic function on (& /%N));). On the other
hand, X =(©I!%N)); cannot be isomorphic to a subspace of some L?(Q)
because if X is a subspace of L?(2), then X can contain /3(N) or /?(N), but
cannot contain /?(N) for ¢ # 2 and g # p, which contradicts the fact that X
contains both /4(N) and /3(N).
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